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Abstract
The electric field parallel to the magnetic field in nonlinear magnetosonic waves in three com-
ponent plasmas (two-ion-species plasma and electron-positron-ion plasma) is theoretically studied
based on a three-fluid model. In a two-ion-species plasma, a magnetosonic mode has two branches,
high-frequency mode and low-frequency mode. The parallel electric field E∥ and its integral along
the magnetic field, F = −
∫
E∥ds, in the two modes propagating quasiperpendicular to the magnetic
field are derived as functions of the wave amplitude ϵ and the density ratio and cyclotron frequency
ratio of the two ion species. The theory shows that the magnitude of F in the high-frequency-mode
pulse is much greater than that in the low-frequency-mode pulse. Theoretical expressions for E∥
and F in nonlinear magnetosonic pulses in an electron-positron-ion plasma are also obtained under
the assumption that the wave amplitudes are in the range of (me/mi)
1/2 < ϵ < 1 where me/mi is
the electron to ion mass ratio.




Theory and particle simulations have revealed that nonlinear magnetosonic waves can
strongly accelerate particles with various nonstochastic mechanisms [1]. The electric field
parallel to the magnetic field, E∥, in a magnetosonic shock wave plays crucial roles in some
of the mechanisms [2]. For example, the parallel electric field can cause trapping and ac-
celeration of electrons in a shock wave propagating obliquely to the magnetic field [3]. In
a plasma containing electrons, positrons, and ions, the parallel electric field can strongly
accelerate positrons [4].
In the particle simulations on the trapping and acceleration of electrons by a nonlinear
magnetosonic wave, it was observed that E∥ can be strong [3]. The values of the integral
of E∥ along B, F = −
∫
E∥ds, were also observed to be quite large; we call F the parallel
pseudopotential because E∥ contains both longitudinal and transverse components. This
cannot be explained by the magnetohydrodynamics; the values of E∥ and F have been
generally believed to be quite small in a collisionless plasma because E∥ is exactly zero in
the ideal magnetohydrodynamics [5].
Motivated by the observation of the strong E∥, the theory for E∥ and F in the non-
linear magnetosonic wave in a single-ion-species plasma has been developed [6]. For small-
amplitude pulses, E∥ and F were derived based on a two-fluid model. In a warm plasma, F is
given as eF ∼ ϵΓeTe, where ϵ is the wave amplitude, Γe is the specific heat ratio of electrons,
















where mi is the ion mass, me is the electron mass, and θ is the propagation angle of the
nonlinear wave. These theories were verified by the electromagnetic particle simulations.
Further, for large-amplitude shock waves with ϵ ∼ O(1), the phenomenological relation that
can explain simulation results for both warm and cold plasmas was presented as eF ∼
ϵ(miv
2
A + ΓeTe). These results indicate that F can be large when the external magnetic
field B0 is strong. In Ref. [7], the parallel electric field in nonlinear magnetosonic wave
in an electron-positron-ion plasma was theoretically analyzed. It was shown that eF in a
small-amplitude pulse with ϵ ≪ 1 is proportional to ϵ2miv2A in a cold plasma and it decreases
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with increasing positron density.
Although the theory for E∥ and F has been extended, the parallel electric field in a
nonlinear magnetosonic wave in a plasma containing multiple species ions has not been
analyzed. Astrophysical and fusion plasmas usually contain multiple species ions. The
presence of multiple species ions can significantly influence the properties of magnetosonic
waves (for instance, Refs. [8]-[16]). In a two-ion-species plasma, there are two magnetosonic
modes, which we call high-frequency mode and low-frequency mode. The frequency of
the low-frequency mode goes to zero as the wavenumber k approaches zero. The high-
frequency mode has a finite cut-off frequency of the order of the ion cyclotron frequency.
Nonlinear behavior of the low- and high-frequency modes can be described by Korteweg-de
Vries equation, although the linear dispersion curves of these modes are quite different in
the long-wavelength region [13]. Nonlinear coupling between the high- and low-frequency
modes can occur [14]. In fact, the numerical simulation showed that high-frequency-mode
pulses are generated from a low-frequency mode pulse when its amplitude exceeds a critical
value, which depends on the density ratio and cyclotron ratio of the two ion species [16].
In this paper, we develop a theory for E∥ and F in nonlinear magnetosonic pulses propa-
gating quasiperpendicular to the magnetic field in a two-ion-species plasma. We derive the
expression for E∥ and F in solitary pulses of the high- and low-frequency modes. We also
theoretically analyze E∥ and F in a nonlinear pulse in an electron-positron-ion plasma (e-p-i
plasma) assuming that the amplitude is in the range of (me/mi)
1/2 < ϵ < 1; the theoretical
expressions for E∥ and F for such amplitudes were not given in Ref. [7] where ϵ ≪ 1 was
assumed.
In Sec. II, we overview the properties of linear and nonlinear magnetosonic waves in
the three component plasmas (two-ion-species plasma and e-p-i plasma). In Sec. III, we
analyze E∥ and F in the low-frequency-mode pulse and the high-frequency-mode pulse in
a two-ion-species plasma. For the low-frequency mode, there are two pulses with different
characteristic lengths when the propagation angle θ is greater than the critical angle θc [17];
the value of θc is, for example, 71
◦ in a hydrogen-helium (H-He) plasma with the density ratio
nHe/nH = 0.1. We derive the theoretical expressions for F in the two low-frequency-mode
pulses, which are given as functions of ϵ, θ, and the density ratio and cyclotron frequency
ratio of two ion species. It is found that the values of F in the two low-frequency-mode
pulses are much smaller than those in the pulses in the single-ion-species plasma given by
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Eq. (1). For the high-frequency-mode pulse, we show that the magnitude of F is the same
order as Eq. (1). Thus, F in the high-frequency-mode pulse is much greater than F in the
low-frequency-mode pulses. In Sec. IV, we analyze nonlinear magnetosonic waves in an e-p-i
plasma. We derive a KdV equation assuming that (me/mi) < ϵ < 1. We then obtain F in
the nonlinear pulse with its amplitude in this range. It is shown that F in the pulse with ϵ
in the range of (me/mi)
1/2 < ϵ < 1 can be written as the same form as that in the range of
ϵ ≪ 1. Section V gives a summary of our work.
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II. OVERVIEW OF MAGNETOSONIC WAVES IN THREE COMPONENT PLAS-
MAS
We consider magnetosonic waves propagating in the x direction in an external magnetic









+ (vj · ∇)
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where the plasma is assumed to be cold and the displacement current is neglected. For a
two-ion-species plasma with the ion species a and b, the subscript j refers to ion species
(j = a or b) or electrons (j=e). For an e-p-i plasma, j refers to electrons, positrons, or ions
(j = e, p, or i). From the equations (2)-(5), we obtain the linear dispersion relation as
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and ωpj and Ωj are plasma and cyclotron frequencies of the particle species j, respectively.
Figure 1(a) shows the dispersion curve of the magnetosonic wave with the propagation
angle θ = 87◦ in a single-ion-species plasma. As k → ∞, ω approaches ωr defined as
ωr = |Ωe|(me/mi + cos2 θ)1/2, (8)
which is of the order of
√
|Ωe|Ωi when cos θ <∼ (me/mi)1/2.
Figure 1(b) shows the magnetosonic wave in a two-ion-species plasma, where the ion
species are hydrogen (H) and helium (He) with the density ratio nHe/nH = 0.1. In a two-
ion-species plasma, the magnetosonic wave is split into two modes, high-frequency mode
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The dispersion curves for both the high- and low-frequency modes have a large curvature
near the wavenumber kc defined as
kc = ω−r/vA. (11)
It has been pointed out that the normalized frequency difference,
∆ω = (ω+0 − ω−r)/ω+0, (12)
is an important parameter in nonlinear development of the two modes [16, 17]. The value
of ∆ω depends on the density ratio and cyclotron frequency ratio of the two species ions. It
increases with increasing Ωa/Ωb, where Ωa > Ωb is assumed. For a fixed Ωa/Ωb, ∆ω becomes
maximum when the ion charge densities are equal, naqa = nbqb.
Figure 1 (c) displays the case for an e-p-i plasma, where the positron to electron density
ratio np0/ne0 = 0.1. Although the structure of the dispersion curves for an e-p-i plasma
is similar to that for a two-ion-species plasma, there are significant quantitative differences











which is the same order as ωr in the single-ion-species plasma. The cut-off frequency of the



















We consider the regions for which the dispersion relation can be approximated by the
following form,
ω = vpk(1− d2k2/2). (16)
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These regions are enclosed by the gray dotted lines in Fig. 1. The nonlinear behavior for
















where Bz1 is the perturbation of Bz, Bz1 = Bz −Bz0, and ξ and τ are stretched coordinates,
ξ = ϵ1/2(x− vpt), τ = ϵ3/2t, (18)
with ϵ ∼ |Bz1/B0|. The solitary wave solution of Eq. (17) is
Bz1/B0 = bnsech
2[(x−MvAt)/D], (19)
where the soliton width D and the Mach number M are given as
D = 2b−1/2n d, (20)
M = 1 + αbn/2. (21)
In the following, we discuss the parallel electric field E∥ in the solitary pulses, given by Eq.
(19), in the three component plasmas.
III. TWO-ION-SPECIES PLASMA
We present properties of nonlinear pulses of the low- and high-frequency modes propa-
gating quasiperpendicular to the magnetic field in a two-ion-species plasma. We then derive
the theoretical expressions for E∥ and F in the nonlinear pulses.
A. Nonlinear pulses of low-frequency mode
For the low-frequency mode, there are two nonlinear pulses with different characteristic
lengths. We here show the characteristic quantities of the two pulses [17].
The linear dispersion relation of the low-frequency mode is written as ω/k = vA(1+µk
2)
in the long wavelength limit, where vA is the Alfvén speed and µ is given by


















We define the angle θ at which µ becomes zero as θcl. The value of θcl is, for example,
71◦ in a H-He plasma with nHe/nH = 0.1. For θ > θcl, µ is negative and ω is written as Eq.
(16) with
vp = vA, d
2 = d2l1 = −2µ. (23)
This is valid for the range of wavenumbers,






min = kc(cos θ/ cos θcl), (25)
which is smaller than kc. Assuming that ∆ω ≫ me/mi and cos2 θ ≪ 1, where ∆ω was given
by Eq. (12), we can express dl1 and θcl as
dl1 = (2∆ω − r cos2 θ)1/2/(kc sin θ), (26)
cos2 θcl = 2∆ω/r. (27)








ω2−r − 1. (28)
When Ωa and Ωb are of the same order of magnitude, r is of the order of unity. The nonlinear
behavior for the region given by Eq. (24) is described by the KdV equation (17) with the
coefficient α,
α = sin θ. (29)
For θ > θcl and the range of wavenumbers,
k
(l)
min ≪ k ≪ kc, (30)
the dispersion relation is also written as Eq. (16), and the KdV equation is obtained.
However, d, and α are different from those for k ≪ k(l)min. For k
(l)
min ≪ k ≪ kc, they are
d = dl2 = (2∆ω)
1/2/(kc sin θ), α = 1. (31)
Thus, for the low-frequency mode, we have two solitary pulses given by Eq. (19) with
the characteristic lengths d = dl1 and d = dl2. The pulse with dl1 is for the wavenumber
region k ≪ k(l)min, whereas the pulse with dl2 is for k
(l)
min ≪ k ≪ kc. We call the former the
longer-wavelength pulse and the latter the shorter-wavelength pulse. The amplitudes of the
pulses for which the KdV equations are valid were shown in Ref. [17].
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B. E∥ in low-frequency-mode pulses
We derive the parallel electric field E∥ and the parallel pseudopotential F in the low-
frequency-mode pulses, which are the longer-wavelength pulse and the shorter-wavelength
pulse.
1. Longer-wavelength pulse
For the longer-wavelength pulses with characteristic wavelength dl1, we can derive E∥
using the conventional reductive perturbation method to obtain the KdV equation [19, 20].
We introduce the stretched coordinates given by Eq. (18) and expand quantities as
nj = nj0 + ϵnj1 + ϵ
2nj2 + · · · , (32)
vjx = ϵvjx1 + ϵ
2vjx2 + · · · , (33)
vjy = ϵ
3/2vjy1 + ϵ
5/2vjy2 + · · · , (34)
vjz = ϵvjz1 + ϵ
2vjz2 + · · · , (35)
Bz = sin θ + ϵBz1 + ϵ
2Bz2 + · · · , (36)
Ey = ϵEy1 + ϵ
2Ey2 + · · · , (37)
By = ϵ
3/2By1 + ϵ
5/2By2 + · · · , (38)
Ex = ϵ
3/2Ex1 + ϵ
5/2Ex2 + · · · , (39)
Ez = ϵ
3/2Ez1 + ϵ
5/2Ez2 + · · · . (40)


















We obtain the relations between E1, E2, and B1 (for the details of calculation, see




= ϵ3/2(Ex1 cos θ + Ez1 sin θ) = 0. (42)
Further, we see that E1 ·B1 is zero,
E1 ·B1 = ϵ5/2(Ey1By1 + Ez1Bz1) = 0. (43)
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We thus have E∥ = E2 · B0/B0. From Eq. (A26), we obtain E∥ of the longer-wavelength
pulse as
E∥ = ϵ








































































where ω+0, ∆ω, and r are defined by Eqs. (9), (12), and (28), respectively. We thus obtain
the theoretical expression for F as a function of the amplitude bn, the propagation angle θ,
and the density ratio and ion cyclotron ratio of the two species ions.
2. Shorter-wavelength pulse
For the shorter-wavelength pulses with the characteristic length dl2, we expand vjz, By
and Ez as
vjz = cos θ(ϵvjz1 + ϵvjz2 + · · · ), (48)
By = cos θ(ϵ
3/2By1 + ϵ
5/2By2 + · · · ), (49)
Ez = cos θ(ϵ
3/2Ez1 + ϵ
5/2Ez2 + · · · ). (50)
The expansion of other quantities are the same as those in Eqs. (32)-(40). We also assume
that
cos2 θ ≪ ϵ ≪ 2∆ω. (51)
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Equations (48)-(51) enable us to focus on the region k
(l)
min ≪ k ≪ kc and obtain the KdV
equation with the characteristic length dl2 [17].
We derive E∥ in the shorter-wavelength pulse (see Appendix A.2). From Eq. (A30), we
see that E1 ·B0 = ϵ3/2(Ex1 cos θ + Ez1 cos θ sin θ) = 0 and E1 ·B1 = Ey1By1 + EZ1Bz1 = 0.
By virtue of Eq. (A32), we find that
E∥ = ϵ
5/2(Ex2 cos θ + Ez2 cos θ sin θ)
= ϵ5/2






























Substituting the soliton solution (19) with d = dl2 into Eq. (53), we can write the peak


































3. Magnitude of F
By virtue of Eqs. (47) and (54), we can estimate the magnitude of F in the longer-
wavelength pulse and the shorter-wavelength pulse as
eFMl1 ∼ mev2Ab2n/(4∆ω − 2 cos2 θ), (55)
and
eFMl2 ∼ mev2Ab2n/(4∆ω), (56)
where we have assumed that Ωa and Ωb are the same order of magnitude. For quasiperpen-
dicular pulses with cos2 θ ≪ ∆ω, both eFMl1 and eFMl2 are of the order of mev2Ab2n/(4∆ω).
The value of 4∆ω of the H-He plasma with nHe/nH = 0.1 is 0.12, which is much greater than
me/mi ∼ 10−3. In such a two-ion-species plasma with ∆ω ≫ me/mi, eFMl1 and eFMl2 are





as shown by Eq. (1).
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As the plasma approaches the single-ion-species plasma, ∆ω goes to zero. Then, eFMl1
and eFMl2 increases with decreasing ∆ω. For the plasma with ∆ω ≤ me/mi, Eqs. (55) and
(56) are not valid, and we have to consider the terms of the order of me/mi, which are
neglected in these equations.
C. Nonlinear pulses of high-frequency mode
We here outline the properties of the high-frequency mode, in which the parameter η
defined by




plays an important role.
The dispersion relation of the quasiperpendicular high-frequency mode can be approxi-
mated by Eq. (16) with
vp = vh, d = dh, (58)
where vh and dh are defined as










This is valid for the range of the wavenumbers [18]
ck
(h1)
inf /ωpe ≪ ck/ωpe ≪ 1, (61)
where k
(h1)


















































The nonlinear behavior of the high-frequency mode for the wavenumber region (61) can







We write this α as αh, which is also expressed with ∆ω as




D. E∥ in high-frequency-mode pulse
We derive E∥ in the high-frequency-mode pulse. We expand Ex, vjy, and vjz as
Ex = η
−1(ϵ3/2Ex1 + ϵ
5/2Ex2 + · · · ), (68)
vjy = η
−1(ϵ3/2vjy1 + ϵ
5/2vjy2 + · · · ), (69)
vjz = η
−1(ϵ2vjz1 + ϵ
3vjz2 + · · · ). (70)
We assume that
ϵ ≫ η. (71)
Equations (68)-(71) enable us to obtain the KdV equation for the high-frequency mode for
the region given by Eq. (61). We can also derive E∥ in the nonlinear pulse for this region
(see Appendix A. 3).
From Eqs. (A42), we see that E1 · B0 = Ex1 cos θ/η + Ez1 sin θ = 0 and E1 · B1 =
Ey1By1 + Ez1Bz1 = 0. By virtue of Eq. (A43), we find E∥ as
E∥ = ϵ

















































where we have estimated that sin θ ≃ 1 as in Ref. [6].
Comparing Eqs. (1) and (75), we find that eFMh is slightly smaller than eFM in the
nonlinear pulse in the single-ion-species plasma because αh is slightly greater than 1 as
shown by Eq. (67). In the limit of ∆ω → 0, αh becomes 1 and Eq. (75) reduces to Eq. (1).
We now compare the magnitude of F in the high-frequency-mode pulse, FMh, and that
in the low-frequency-mode pulse, FMl1 or FMl2. From Eqs. (55), (56), and (75), we can












where we have used cos θ ≪ 1. The equation (76) shows that the magnitude of F of the
high-frequency-mode pulse is much greater than that of the low-frequency-mode pulse when
∆ω ≫ me/mi.
We discuss the reason why F in the high-frequency-mode pulse is much greater than
F in the low-frequency-mode pulses. As shown by Eqs. (26), (31), and (60), there is a
large difference between the characteristic widths of the high-frequency-mode pulse and
of the low-frequency-mode pulses. For quasiperpendicular pulses such that cos θ < η, the
characteristic width of the high-frequency-mode pulse, which can be estimated as d ∼ c/ωpe,
is much smaller than that of the low-frequency-mode pulses, d ∼ (c/ωpi)/∆ω. From Eqs.
(46), (54), and (75), we find that if Ωa ∼ Ωb, both F in the high-frequency-mode pulse and
F in the low-frequency-mode pulses can be estimated as
eF ∼ miv2A(c/ωpe)2b2nd−2, (77)
indicating that F is proportional to d−2. We also find that the strength of E∥ is proportional
to d−3. Therefore, the huge difference between F in the high-frequency-mode pulse and
F in the low-frequency-mode pulses can be caused by the large difference between the
characteristic widths of these pulses.
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IV. ELECTRON-POSITRON-ION PLASMA
A. E∥ and F in pulses with ϵ ≪ 1
In this subsection, we present the theory for E∥ and F in nonlinear pulses in an e-p-i
plasma that was derived in Ref. [7] with the conventional reductive perturbation method in
which ϵ ≪ 1 was assumed.
In the limit of ω → 0, the dispersion relation of the magnetosonic wave in an e-p-i plasma
can be written as the same form as that in a two-ion-species plasma; ω/k = vA(1+µk
2) with
µ given by Eq. (22), where j refers to electrons, positrons, or ions (j=e, p, or i). Nonlinear
behavior is described by the KdV equation, and the parallel electric field and the parallel











































in the cold plasma approximation. These equations are obtained from Eqs. (47) and (48)
in Ref. [7] in the limit of vA/c → 0.




























For quasiperpendicular waves with θ > θc, where θc is the angle at which µ = 0, we can
approximate µ as







Substituting this into Eq. (81), we can express the dependence of F on the positron-to-
electron density ratio, np0/ne0, as
F ∝ (1− np0/ne0)
(1 + np0/ne0)[1 + np0/ne0 + (1− np0/ne0)me/mi)]
(83)
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where we have used ρ ≃ ni0mi = (ne0 − np0)mi/Z. It indicates that F decreases with
increasing np0/ne0 and F increases with increasing ni0/ne0.
These equations were derived under the assumption that ϵ ≪ 1.
B. Nonlinear pulses with ϵ in the range of (me/mi)
1/2 < ϵ < 1
In this subsection, we discuss pulses with amplitudes in the range of (me/mi)
1/2 < ϵ < 1.
We firstly derive KdV equation for this range. We then obtain the theoretical expressions
for E∥ and F in nonlinear pulses with such amplitudes, which were not shown in Ref. [7].
1. Linear dispersion relation
Before deriving KdV equation, we show the linear dispersion relation. With the assump-
tion that (me/mi)
1/2 < ϵ < 1, we focus on the frequency region Ωi < ω <
√
|Ωe|Ωi, which
will be explained below. For this region, the linear dispersion relation can be written as Eq.





















From this, we can expect that the KdV equation with the characteristic length depi is ob-
tained for Ωi < ω <
√
|Ωe|Ωi. The equation (20) shows that the width of the solitary pulse
is D ∼ depiϵ−1/2. When θ ≫ θc, where θc is the critical angle at which d becomes zero, d is of
the order of c/ωpe. Then, we can estimate the wavenumber and frequency of the nonlinear
pulse as k ∼ 1/D ∼ ϵ1/2(ωpe/c) and ω ∼ vpk ∼ ϵ1/2(mi/me)1/2Ωi. This indicates that the
assumption (me/mi)
1/2 < ϵ < 1 corresponds to Ωi < ω <
√
Ωi|Ωe|.
2. Derivation of KdV equation





We also assume that
cos θ ∼ O(η), sin θ ≃ 1, ni0 ≫ (me/mi)ne0. (87)
We expand Ex, vjy, and vjz as Eqs. (68)-(70); the expansion of the other quantities are the
same as in Eqs. (32)-(40).
From the lowest order terms of the normalized equations, we obtain the lowest order
quantities of density and velocities as
nj1 = nj0Bz1/ sin θ, (88)
where j = e, i, or p,
vex1 = vpx1 =
Bz1
sin θ

















, viy1 = viz1 = 0,








These velocities are different from the velocities obtained under the assumption that ϵ ≪ 1.












After some manipulations (for the details of calculations, see Appendix B), we then obtain
the KdV equation (17) for the frequency region Ωi ≪ ω ≪
√
ΩiΩe with vp and d given by
Eqs. (84) and (85), respectively, and the coefficient α,
α = 1/ sin θ. (92)
3. E∥ and F in nonlinear pulses
We derive E∥ in the nonlinear pulses with amplitudes (me/mi)
1/2 < ϵ < 1. The equation
(91) leads to E1 · B0 = Ex1 cos θ/η + Ez1 sin θ = 0 and E1 · B1 = Ey1By1 + Ez1Bz1 = 0.
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Taking Ex2 and Ez2 into account, we obtain E∥, from Eq. (B15), as
E∥ = ϵ
5/2(Ex2 cos θ/η + Ez2 sin θ)
= ϵ5/2












We then have the parallel pseudopotential,





























where we have used the approximation (87).
























indicating that eFM increases with increasing ni0/ne0 and decreasing np0/ne0. Equations
(80) and (81) for ϵ ≪ 1, which were derived without the assumption that sin θ ≃ 1 and
me/mi ≃ 0, become Eqs. (95) and (96), respectively, in the limit of sin θ = 1 andme/mi = 0.
V. SUMMARY
We theoretically studied the parallel electric field in nonlinear magnetosonic waves in
three-component plasmas (two-ion-species plasma and e-p-i plasma) based on a three-fluid
model. We derived the expressions for E∥ and its integral along the magnetic field, F =
−
∫
E∥ds, in solitary pulses propagating quasiperpendicular to the magnetic field.
In a two-ion-species plasma, the magnetosonic wave has two branches: high-frequency
mode and low-frequency mode. We derived E∥ and F in the nonlinear pulses of the two
modes as functions of the wave amplitude ϵ, the propagation angle θ, and the density ratio
and ion cyclotron frequency ratio of the two species ions.
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For the low-frequency mode, there are two pulses: longer-wavelength pulse and shorter-
wavelength pulse. The theory showed that the magnitude of F in the two low-frequency-
mode pulses can be estimated as eF ∼ ϵ2mev2A/∆ω, where ∆ω is the normalized frequency
difference. For the high-frequency mode, we showed that F in the nonlinear pulse can be
estimated as eF ∼ ϵ2miv2A, which is the same order as F in a pulse in a single-ion-species
plasma. Thus, it was found that F in high-frequency-mode pulse is much greater than F in
the low-frequency-mode pulses when ∆ω ≫ me/mi.
For an e-p-i plasma, we considered nonlinear pulses with amplitudes in the range of
(me/mi)
1/2 < ϵ < 1, which were not discussed in Ref. [7]. The KdV equation and E∥ and F
in the nonlinear pulses were obtained. It was shown that F in the pulse with ϵ in the range
of (me/mi)
1/2 < ϵ < 1 can be written as the same form as that in the range of ϵ ≪ 1. The
magnitude of F increases as the ion density increases.
As for a future work, effects of E∥ on particle motions and pulse propagation in a two-ion-
species plasma should be analyzed. The strong E∥ in the high-frequency-mode pulse may
cause the damping of the pulse through the Landau resonance. This may be important, as
well as the damping due to heavy ion acceleration through the transverse electric field in
the pulse [22].
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Appendix A: Derivations of E∥ for a two-ion-species plasma
We normalize the length, velocity, and time to λ, vp, and λ/vp, respectively, where λ is
a characteristic length. The number density, mass, charge, magnetic field, and electric field




+∇ · (njvj) = 0, (A1)(
∂
∂t
+ (vj · ∇)
)











qjnj = 0, (A5)








We note that Rj and S depend on λ. This indicates that the expansion of quantities for the
high-frequency mode is different from that for the low-frequency mode because the high-
and low-frequency modes have different λs.
1. Low-frequency mode: longer-wavelength pulse
Introducing stretched coordinates given by Eq. (18) and applying expansion given by
Eqs. (32)-(40) to the above normalized equations (A1)-(A5), we have the following set of
equations.























+· · · = 0. (A7)

















Rj (Ex2 + vjy2 sin θ + vjy1Bz1 − vjz1By1)] + · · · = 0, (A8)
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+Rj(Ey2 + vjz2 cos θ − vjx2 sin θ − vjx1Bz1)
)
















+Rj (Ez2 − vjy2 cos θ + vjx1By1)
]
+ · · · = 0.(A10)






































+ · · · = 0. (A12)


















































· · · = 0. (A15)








qjnj2 + · · · = 0. (A16)
From the lowest-order terms in Eqs. (A7), (A11), and (A12), we obtain the following
relations among the lowest-order quantities,
nj1 = nj0vjx1, Ey1 = Bz1, Ez1 = −By1. (A17)
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We multiply the O(ϵ3/2) terms in Eqs. (A8) and (A10) by qjnj0 cos θ and qjnj0 sin θ, respec-
tively, and sum up them. Further, we take its summation over the particle species j. Then,
by virtue of the O(ϵ) terms in Eqs. (A13) and (A15), we find
Ex1 cos θ + Ez1 sin θ = 0. (A18)
With the aid of Eqs. (A17) and (A18), we have, from the lowest order terms in Eqs. (A8)-
(A10),








We now consider the second order terms of the normalized equations. From Eqs. (A13)
and (A15), we have ∑
j







where we have used Eqs. (A17) and (A19). Multiplying the O(ϵ2) term in Eq. (A9) by















where we have used Eqs. (A20) and (A21). Substituting vjy1 given by Eq. (A19) into Eq.













In order to obtain Ex2 cos θ + Ez2 sin θ, we multiply the O(ϵ
5/2) terms in Eqs. (A8) and
(A10) by nj0qj cos θ and nj0qj sin θ, respectively, and sum up them. Taking its summation












qjnj0Rj[(vjy1Bz1 − vjz1By1) cos θ + vjx1By1 sin θ] = 0, (A24)
where we have used vjx1 cos θ + vjz1 sin θ = 0, which is obtained from Eq. (A19). We also
















Bz1 cos θ +RjBz1By1 cos









Bz1 cos θ = 0. (A25)
We then have ∑
j






Substituting Eq. (A23) into this and using the unnormalized quantities, we obtain Eq. (44).
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2. Low-frequency-mode: shorter-wavelength pulse
For the shorter-wavelength pulse, we expand vjz, By, and Ez as Eqs. (48)-(50). Then,

















Rj (Ex2 + vjy2 sin θ + vjy1Bz1)]− ϵ5/2 cos2 θvjz1By1 + · · · = 0, (A27)





+Rj(Ey2 − vjx2 sin θ − vjx1Bz1)
)
+ ϵ cos2 θvjz1 + ϵ
















+Rj (Ez2 − vjy2 + vjx1By1)
]
+ · · · = 0,(A29)
where we have assumed that cos2 θ ≪ ϵ. The other equations are the same as in Appendix
A.1; Eqs. (A7), and (A11)-(A16) are also used for the shorter-wavelength pulse.
From the lowest order terms of the equations, we have the following relations among the
lowest order quantities:






























From the O(ϵ5/2) terms in Eqs. (A27) and (A29), we obtain









qjnj0Rj(Ex2 cos θ + Ez2 cos θ sin θ) = 0, (A31)
where we have used Eqs. (A20) and (A30). By virtue of the O(ϵ2) term in Eq. (A15), Eq.
(A31) can be written as
Ex2 cos θ + Ez2 cos θ sin θ =
1∑
j qjnj0Rj









Using the unnormalized quantities, we can write this as Eq. (52).
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3. High-frequency mode
For the high-frequency mode, we expand Ex, vjy, and vjz as Eqs. (68)-(70). Then, the
x, y, and z components of equation of motion for electrons are written as
Reη
−1ϵ3/2(Ex1 + vey1 sin θ) +Reη
−1ϵ5/2 (Ex2 + vey2 sin θ + vey1Bz1) + · · · = 0, (A33)








vez1 − vex2 sin θ − vex1Bz1)
)



















Here, Re is of the order of η



















−1 (Ex2 + viy2 sin θ + viy1Bz1)
]

































) + ϵ5/2Ri(Ez2 + vix1By1 −−viy2
cos θ
η
) + · · · = 0. (A38)















































· · · = 0, (A41)
where Sη−1 is of the order of unity. The continuity equation and the Faraday’s law are
written as the same as those for the low-frequency mode.
We assume that ϵ ≪ η. Then, from the lowest order terms, we can express the lowest
order quantities in terms of Bz1 as


















, Ey1 = Bz1, (A42)




















which leads to Eq. (72) with unnormalized quantities.
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Appendix B: Derivation of nonlinear equation and E∥ for an e-p-i plasma
For nonlinear pulses with amplitudes in the range of η < ϵ < 1 in an e-p-i plasma, we
have Ex, vjy, and vjz as Eqs. (68)-(70). When ni0 ≫ (me/mi)ne0, the coefficients of the
normalized equations can be estimated as
Re ∼ Rp ∼ η−1, Ri ∼ η. (B1)
Therefore, the equations of motion for electrons and positrons can be written as Eqs. (A33)-
(A35); for positrons, the subscripts e in these equations are replaced by the subscripts p.
The equations of motion for ions are given by Eqs. (A36)-(A38). The continuity equation
is given by Eq. (A7). The Faraday’s and Ampere’s laws are written as Eqs. (A11)-(A12)
and Eqs. (A39)-(A41), respectively.
From the lowest order terms, we obtain Eqs. (88)-(91). From the O(η−1ϵ3) term in Eq.
(A37) and the O(η−1ϵ7/2) term in Eq. (A38), we have
viy2 = viz2 = 0. (B2)
We multiply the O(ϵ5/2) terms in (A33) for electrons and positrons by −ene0 and enp0,
respectively, and sum up them. Then, we have






where we have used ene0 = enp0 + qini0. We then multiply the O(η
−1ϵ2) terms in (A34) for
electrons and positrons by −ene0/Reη and enp0/Rpη, respectively, and sum up them. We
obtain













− e cos θ
η
(ne0vez1 − np0vpz1)
+ e(ne0vex2 − np0vpx2) sin θ + e(ne0vex1 − np0vpx1)Bz1 = 0. (B4)











































[(ne0vex1 − np0vpx1)Bz1]− Sη−1qini0e(ne1vey1 − np1vpy1)









(ne0vex2 − np0vpx2)− Sη−1qini0e(ne0vey2 − np0vpy2)
= e sin θ
∂
∂ξ























(ne0vex2 − np0vpx2 + ne1vex1 − np1vpx1). (B8)



















(ne0vex2 − np0vpx2 + ne1vex1 − np1vpx1). (B9)




(ne0vex2 − np0vpx2)− Sη−1qini0e(ne0vey2 − np0vpy2)








− e sin θ ∂
∂ξ














































− e sin θ ∂
∂ξ




























































We now derive the second order term of E∥. We multiply the O(ϵ
5/2) terms in Eq. (A33)
and (A35) by cos θ/η and sin θ, respectively, and sum up them. Then, we have
Ex2 cos θη






Substituting Eq. (89) into this equation, we obtained
Ex2 cos θη
−1 + Ez2 sin θ = −





The unnormalized form of this is Eq. (93).
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FIG. 1: Dispersion curves for magnetosonic waves in a single-ion-species plasma (a), two-ion-species
plasma (b), and electron-positron-ion plasma (c). The propagation angles of the magnetosonic
waves are θ = 87◦ for all the cases. For a two-ion-species plasma, the ion species are hydrogen (H)
and helium (He), with the density ratio nHe/nH = 0.1. For an electron-positron-ion plasma, the
density ratio of positrons to electrons is np/ne = 0.1.　 The dispersion relations for the regions
enclosed by the gray dotted lines can be approximated by Eq. (16) and the nonlinear behavior for
these regions can be described by the KdV equation.
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